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A complete classification is given for neighborly 4-polytopes with 9 vertices. 
It is found that there are exactly 23 combinatorial types. 
1. INTRODUCTION 
A neighborly d-polytope is a d-polytope K such that the convex hull 
of any [d/2] vertices of K is a face of K. For every d and for every v 3 d + 1 
there is at least one neighborly d-polytope with u vertices, namely, the 
cyclic polytope C(v, d). The neighborly d-polytopes form an interesting 
class both because of the property used for their definition, and, as recently 
proved in [9], because, for any given d and z, > d + 1, among all the 
d-polytopes with v vertices the neighborly simplicial d-polytopes with v 
vertices have the maximal number of faces of each dimension. 
The cyclic polytopes are the first neighborly polytopes that were 
discovered. They were discovered early this century by Caratheodory [3,4], 
and more recently rediscovered by Gale [5] and Motzkin [lo]. 
The authors are not aware of any attempt to find, for given d and v, 
the number of different types of neighborly d-polytopes with v vertices, 
even for the case d = 4, which is the first interesting case. The difficulty 
in such an enumeration is probably rooted in the meagerness of examples, 
and in the fact that the f-vector (giving the number of faces of each 
dimension), which is the main algebraic tool for distinguishing between 
polytopes, is the same for all the neighborly simplicial d-polytopes with v 
vertices. 
The main known results in this direction are: 
1. For d even, every neighborly d-polytope is simplicial. For d even 
and d + 1 ,< v < d + 3, there is exactly one combinatorial type of 
neighborly d-polytope with u vertices, namely, the type of the cyclic 
polytope C(v, d) (see [6, Section 7.21). 
2. There are exactly three types of neighborly 4-polytopes with 8 vertices. 
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Result 1 above was first obtained by Gale [5]; Motzkin [lo] thought 
it holds without the restriction u < d + 3. However, the second result, 
obtained by Grtinbaum and Sreedharan [8], shows that this is not true. 
In a certain sense, the three types mentioned above were found already in 
1909 by Bruckner [2]. Bruckner enumerated the Schlegel diagrams of 
simple 4-polytopes with 8 vertices, among the dual of which are also the 
three neighborly 4-polytopes with 8 vertices. But, to be precise, Bruckner’s 
discussion deals not with Schlegel diagrams, but with 3-diagrams, and 
his list is incorrect (see [8]). 
We prove that there are exactly 23 types of neighborly 4-polytopes with 
9 vertices, and describe them in detail. Our method is generally applicable 
l to neighborly 4-polytopes with v + 1 vertices if those with u vertices are 
known, but is not effective, generally speaking for dimension d > 4. 
We use the concept of the vertex figure of a polytope, the concept of 
stacked polytope (defined and described in [l]), and the concept of the 
edge-valence matrix of a polytope, which seems to be new. The edge-valence 
matrix is an algebraic tool which, after further development, may distin- 
guish between polytopes having the samef-vector. Here, however, we do 
not develop these concepts more than is necessary for our strict purpose. 
There is a strong connection between the problem of enumerating 
the types of neighborly 4-polytopes with 0 vertices and the problem of 
enumerating the neighborly combinatorial 3-spheres with 2, vertices 
(see [7]). Indeed, as a by-product we obtain many neighborly 3-spheres 
with 9 vertices which are not combinatorially equivalent to the boundary 
of any 4-polytope. However, an enumeration of the 3-spheres requires 
different notation and involves difficulties of another kind, and will not be 
dealt with here. We hope to carry on this enumeration in another paper. 
Only one 3-sphere which is not equivalent to the boundary of any 4-poly- 
tope is described in detail, namely, the 3-sphere N in Table 2. 
We use the notation of [6]. For further details of the history of the 
neighborly polytopes, the reader should consult the same book of 
Griinbaum. 
2. THEORETICAL BACKGROUND 
The entire work is based on Theorem 1, which is due to M. A. Perles 
(private communication). The concepts used in this theorem need some 
explanation. 
If K is a d-polytope and V is a vertex of K, a vertexfigure of K at V is 
the intersection of K by a hyperplane H which strictly separates V from all 
the other vertices of K. All the vertex figures of K at V are combinatorially 
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(and projectively) equivalent, and since we are interested only in combina- 
torial types of vertex figures, we may speak about the vertex figure of K 
at V. That combinatorial type is known (see [6, Exercise 3.4.81) to be dual 
(in the sense of duality of (d - 1)-polytopes) to the (combinatorial type 
of the) facet P of the polytope K* dual (in P) to K. 
Let P be a 3-polytope. A set S = {x1 , x2 , x,} C vert P (and also conv S) 
is called a cut of P if S is affinely independent, every proper face of S is 
a face of P, but conv S is not a face of P. All the cuts of P decompose P 
into components, each of which is a 3-polytope. The nerve graph of P is the 
graph whose vertices are the components of P, and two vertices are joined 
by an edge if and only if the corresponding components share a cut of P. 
The nerve graph is obviously a tree. The polytope P is stacked if all its 
components are simplices. A stacked 3-polytope P with n vertices has 
n - 3 components and n - 4 cuts. By induction on n it is easy to see that 
a 3-polytope with y1 vertices and n - 3 components is stacked. (For more 
details see [l, Section 11.) As an example the Schlegel diagrams of all the 
(combinatorial types of) stacked 3-polytopes with 8 vertices are shown in 
Figure 2, where ci denotes the list of the valences of the vertices of the 
i-th polytope. 
Finally, we note that the number f3(Nn) of facets of a neighborly 
4-polytope N” with n vertices is n(n - 3)/2. 
THEOREM 1. Let N”+l be a neighborly 4-polytope with n + 1 vertices, 
V a vertex of Nn+l, and C the vertexjigure of Nn+l at V. Then C is a stacked 
3-polytope with n vertices. 
Proof. Let N” be the convex hull of all the vertices of Nn+l different 
from V. Then N” is clearly a neighborly 4-polytope with n vertices. Let %? 
be the subcomplex of bd N” seen from V, and let x be the number of 
facets of N” which are in %Y. If F is a 2-face of V, we say that V is above F 
if V is beyond (relative to N”) each of the two facets of N” which contain F, 
and V is half-above F if V is beyond one and beneath the other facet of N” 
which contains F. If V is above exactly y 2-faces, and half-above exactly z 
2-faces of V, then counting the 2-faces of V we get 
z + 2y = 4x. (1) 
In the passage from N n+l to N”, z facets of Nn+l are omitted and x new 
facets are added, hence 
Clearly 
z - x = f3(Nn+l) - f3(Nn) = n - 1. (2) 
YZX-1, (3) 
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and from (1) (2), and (3) follows 
x>n-3. (4) 
Now, C is a simplicial 3-polytope with n vertices (its dual is a simple 
3-polytope with n facets), and therefore has exactly 2n - 4 facets. Each 
of those facets is of the form H n conv(Fu {VI), where F is a 2-face of $9 
such that V is half-above F, and His the hyperplane such that C = Hn N”+l 
(see [6, Theorem 5.2.11). Hence z = 2n - 4, and this implies equality in 
both (4) and (3). 
Let G be any of the y 2-faces of V for which V is above. Since y = x - 1, 
every edge of G is also an edge of some 2-face F of %7 such that I/ is half- 
above F, and hence induces an edge in C. However, G itself does not induce 
any 2-face of C, therefore H n conv(G u {V}) is a cut of C. Thus there are 
exactly y = n - 4 cuts, and hence exactly x = n - 3 components in C. 
It follows that C is a stacked 3-polytope with n vertices. Q.E.D. 
It follows from the above proof that %? is combinatorially equivalent to 
the complex whose facets are the components of C. Therefore, for simplific- 
ation of the notation, we will use for the faces of C the notation used for 
the corresponding faces of %‘, and we will sometimes refer to %? as “the 
complex C.” 
If iVn+l is a cyclic 4-polytope, then all the vertex figures of Nn+l are of 
the same type, as shown in Theorem 2: 
THEOREM 2. Let Cn+l be (a 4-polytope combinatorially equivalent to) 
a cyclic 4-polytope with n + 1 vertices, V a vertex of Cn-tl, and C the vertex 
figure of Cn+l at V. Then C is both a stacked and a cyclic 3-polytope, and 
its Schlegel diagram is as shown in Figure 1. Hence alI the vertex figures 
ofc"+l are of the same combinatorial type. 
FIG. 1. (Left) Schlegel diagram of vertex figure C of the cyclic 4-polytope with 
n - 1 vertices. (Right) Schlegel diagram of C*. 
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Proof. Let %? and H be defined as in the proof of Theorem 1. For every 
vertex A in C, let A’ be the vertex in V such that A = H n conv{d’, V). 
By [6, Exercise 3.4.81, C is dual (in R3) to the facet P of the polytope C?-+l* 
dual (in R4) to C n+l. Since C is a 3-polytope, the valence of a vertex A in C 
equals the number of 2-faces of C incident to A. Therefore the valence of A 
in C equals the number of facets of Cn+l incident to the edge conv{d’, V]. 
It follows from Gale’s evenness condition (see [6, Section 4.71) that there 
are exactly two vertices A’ such that conv{d’, V} is incident to three 
facets, exactly two ‘vertices A’ such that conv(,4’, V} is incident to n - 1 
facets, and exactly n - 4 vertices A’ such that conv{A’, V> is incident to 
four facets of Cn+l. Therefore two of the n vertices of C are of valence 3, 
two are of valence n - 1, and the remaining n - 4 vertices are of valence 4. 
This determines uniquely the graph of C. It follows that Schlegel’s 
diagram of C is necessarily as shown in Figure 1, and our theorem is thus 
proved. 
The combinatorial type of Nn+l is completely determined by the 
combinatorial type of N” and the 3-complex %? consisting of those facets 
of Nn beyond which V lies, and their faces. The procedure for obtaining all 
the neighborly 4-polytopes with 9 vertices from those with 8 vertices may 
therefore be described as follows: Select Ni8, one of the three combinatorial 
types of N% (found and described in [8], and described here in Table 1). 
On its boundary all the possible complexes V are chosen in turn, and the 
combinatorial type of the resulting N9 determined. 
Note that for particular Ni8 and particular complex % applicable to that 
Nis, the resulting scheme with 9 vertices is a neighborly combinatorial 
3-sphere (see [7]) which may, or may not, be realizable as a 4-polytope. 
The task of finding a realization (or proving that such a realization does 
not exist) is carried on in Section 4. 
The concept of the edge-valence matrix, which we now define, plays an 
important role in the sequel, and explains our ordering of the NE’s and 
N9’s. 
Let S be a simplicial combinatorial 3-sphere (see [7] for the definition- 
the boundary of a simplicial 4-polytope being an example of a simplicial 
combinatorial 3-sphere) with n vertices, denoted I,..., n, and m facets, 
denoted l,..., m. We define an n x m matrix A = (Uij) by 
if vertex j belongs to the facet i, 
otherwise. 
The n x n matrix B = AAT is called the edge-valence matrix of S. If it is 
of rank n, it is positive definite. B depends on the particular labeling 
chosen for the vertices (but not for the facets) of S. However, permuting 
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TABLE 1 
Neighborly 4-Polytopes with 8 Vertices 
Facets of the dual polytope Edge valence 
Polytope Facets and their type matrix 
A-1234 K-1238 I-A B C D K L N P R S d1 * 6 3 4 4 4 3 6 
B-1267 L-1278 2-A B C D E F G K L M dl 6 * 6 3 4 4 4 3 
C-1256 M-2378 3-A E F G H I K M N 0 d, 3 6 * 6 3 4 4 4 
NS D-1245 N-1348 4-A D E H I J N 0 P Q dl 4 3 6 * 6 3 4 4 
E-2345 O-3478 5-C D E F I J P Q R T dl 4 4 3 6 * 6 3 4 
F-2356 P-1458 6-B C F G H I J R S T 4 4 4 4 3 6 * 6 3 
G-2367 Q-4578 7-B G H J L M 0 Q S T dl 3 4 4 4 3 6 * 6 
H-3467 R-1568 8-K L M N 0 P Q R S T dl 6 3 4 4 4 3 6 * 
I-3456 S-1678 Determinant 0 
J-4567 T-5678 
A-1234 K-1568 
B-1256 L-1578 
C-1245 M-5678 
NZB D-1457 N-1268 
E-2345 O-2678 
F-2356 P-1238 
G-2367 Q-2378 
H-3467 R-1348 
I-3456 S-1478 
J-4567 T-3478 
A-1234 K-1268 
B-1256 L-1678 
C-I 245 M-2678 
K8 D-1567 N-1238 
E-2345 O-2378 
F-2356 P-1348 
G-2367 Q-3478 
H-3467 R-1458 
I-3456 S-1578 
J-4567 T-4578 
I-ABCDKLNPRS da *5355336 
2-ABCEFGNOPQ da 5*634534 
3-AEFGHI PQRT dl 36*63444 
4-A C D E H I J R S T da 5 3 6 * 5 3 5 3 
5-B CDE F I J KL M da 5435*643 
6-B F G H I J K M N 0 dk 3 5 4 3 6 * 5 4 
7-D G H J L M 0 Q S T dd 3 3 4 5 4 5 * 6 
8-KLMNOPQRST dl 6443346* 
Determinant 
1592640 
I-ABCDKLNPRS d4 *5345436 
2-A B C E F G K M N 0 dd 5 * 6 3 4 5 3 4 
3-AEFGHI NOPQ dl 36*63444 
4-ACEHI J PQRT dl 436*6344 
5-B C D E F I J R S T dd 5 4 3 6 * 5 4 3 
6-B D F G H I J K L M d4 4 5 4 3 5 * 6 3 
7-DGH J L MO Q S T dl 334446*6 
8-K L MN 0 P Q R S T d, 6444336* 
Determinant 
1756160 
* represents the number 10. The notation d, for the type. of the facets of the dual 
polytope follows that found in [8]. NIB is the P& , Nze is the Pi”, , and N3* is the P& 
of [8]. 
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the vertices (or the facets) of S yields a matrix PA (or AP) instead of A, 
where P is the appropriate permutation matrix. Note that P* = P--l. 
The edge-valence matrix is now (PA)(PA)* = (PA)(ATPT) = P(AAT) P-l 
(or (AP)(AP)T = A(PP-l) AT = AA*); i.e., the transformed matrix is 
similar (or equal) to the original one. Thus we have: 
THEOREM 3. Isomorphic simplicial combinatorial 3-spheres have similar 
edge-valence matrices. The determinant of the edge-valence matrix is an 
invariant of the combinatorial type qf the sphere, and is positive if the matrix 
is regular. 
Note that, if the edge-valence matrix of a sphere S is B = (b& then bij 
is the number of facets of S which contain the l-face (edge) with the vertices 
i andj (or, if i = ,Z: the O-face i). The edge-valence matrix could be defined, 
in exactly the same way, for every d-polytope K, d > 3, and the equivalent 
of Theorem 3 will hold. However the edge-valence matrix has the above 
property (justifying the name “edge-valence matrix”) only if all the facets 
of K are 2-neighborly polytopes. In every case, the edge valence matrix is 
symmetric. 
The description of the NE’s (in Table 1) and of the Ng’s (in Table 2) 
includes also the edge-valence matrix. The cases are ordered with respect 
to increasing determinants. 
Note that the edge-valence matrix of a neighborly 4-polytope, e.g., Ng, 
contains information about the vertex figures of that Ns since the ith 
row-omitting the main diagonal element-is precisely the list (denoted 
by C, , fork = I,..., 7) of valences of the vertices in the vertex figure of Ns 
at the vertex i, and the main diagonal element is precisely the number of 
facets of that vertex figure. Moreover, bij in the edge valence matrix 
B = (bij) of Ns is the number of vertices common to the facets i and j 
in the dual polytope Ns*. 
The sequel is devoted to the proof of Theorem 4 and to a detailed 
description of those types: 
THEOREM 4. There are exactly 23 dzflerent types of neighborly 4-poly- 
topes with 9 vertices. 
3. COMPUTATIONAL PROCEDURES 
The following procedure was programmed and run on the CDC 6400: 
Step I. Determine all pairs of the type (N8, +?)where V is a subcomplex 
of bd NB and is isomorphic to one of the seven complexes of Figure 2. 
Two pairs (NB, %?J and (NE, U,) for which there exists an automorphism 
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Z2 
W 
Nerve graph Lisi of valences 
i c2 = 33345666 
Y  
C+ = 33345567 
U c, = 33444477 
C5 = 33444567 
C6 = 33445557 
C,’ 33445566 
FIG. 2. Schlegel diagrams of the 7 stacked 3-polytopes with 8 vertices. 
of Ns carrying V, into V, will yield the same Ng. Hence we retain only one 
representative of each class in this equivalence relation. This procedure 
yielded 230 classes. A list of representatives is not included but is available 
from the authors upon request. It is interesting to observe that complex X 
is not applicable to N,8. 
Step ZZ. For each of the 230 pairs, (NE, V), found in Step Z we obtained 
a list of 27 quadruples. The process consists of listing the 20 facets of N*, 
deleting the five facets of V, and adding the 12 quadruples resulting from 
joining the vertex 9 to each of the I2 facets of bd V. The resulting list is a 
combinatorial 3-sphere. (See [7].) The edge-valence matrix, B, of this 
3-sphere was also calculated. In view of Theorem 1, and the remarks 
following Theorem 3, a necessary condition for the realizability of that 
3-sphere as a 4-polytope, necessarily neighborly, is that the non-diagonal 
elements on each row conform to one of the seven Ci shown in Figure 2. 
Only 149 of the 230 cases satisfied this criterion. 
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TABLE II 
Description of Class Representatives 
POLYTOPE 
FACETS OF DUAL E06E VALENCE 
FACETS POCYTO@E MATRIX 
9 A-2345 J-347A ‘S-1679 l-GIKNNPRSIIWY$ C4 * 7 4 4 ‘L 3 7 7 
N 1 G-2356 K-1458 r-2679 2*ARCGHQRTVXZO C4 3 * 7 3 4 4 : 4 7 
8 C-2367 L-457B lh1569 J-ARCDEGHIJYZJ C4 4 7 * 7 S U 4 4 J 
f N1 P 11) D-3467 N-1568 V-2569 4,AOEFIJKLUXY k ‘C4 4 3 7 * 7 3 4 4 4 
E-S45h N-167R W-1459 5-ABEFKLMOOVU C4 4 x 3 7 * 7 3 4 4 
IJ=AACDL F-4567 O-567R X-2459 h-ACDEFMNOSTIJV 
G-1238 P-t7R9 Y-1349 7-COFHJLNOPOST 
O= 213906Aii +f-237t3 G-2789 Z-234s R-GHIJKLMNOPRR 
I-1348 Q-1289 S-1239 Y-PGPqTIIVWXY% 
A-Ii’67 J-3478 q-1749 
O-125h K-t45R T-l 73q 
c-t245 L-457H e-2459 
D-2356 M-15hR V-2359 
E-23h7 N-1678 W-45hQ 
F-4%7 0-5h7R X-3%9 
G-1738 P-1480 V-4679 
H-l?78 R-t3Rq 7-3674 
I-?37R R--54JIR S-4479 
c4 u 4 ‘i 3 7 * 7 3 4 
cu 3 u ‘i u ‘I 7 * 7 4 
c4 744,r37*3 
CY 7 7 3 4 4 ‘I ?i * 
9 
h’ 2 
(Nfr Cl) 
!)=AEHIfl 
0s 47971424 
rJ 9 
3 
8 
(N1t IJ! 
IJ=ARCOK 
n= 45wsR496 
‘I=AEFGK 
D= Srl’JB404R 
A-2345 J-3478 S-25hQ 
B-23!% K-1458 T-1569 
C-2367 L-4578 II-2459 
O-3467 m-1569 V-1459 
E-345h N-l.678 \d-234Q 
F-4567 ‘3-567R X-1349 
G-1278 P-2679 Y-2789 
n-2370 c-1679 211x49 
I-1348 R-1279 s-1PRs 
A-1267 J-3478 S-l-549 
B-1256 K-l45B T-1249 
C-1245 L-4578 U-3459 
D-3467 M-l!%B P-2459 
E-3456 FCl67R #-xx%9 
F-4567 0-5R7R X-75h9 
G-1278 P-13RQ Y--3b7Y 
H-237A G-12R9 ?%%79 
I-1348 R-3389 S-2379 
A-125h J-267R 5-t 349 
R-(24s Y-1348 T-l ?‘,19 
C-15h7 L-3478 II-1389 
n-2356 M-t45tl V-Ii?89 
E-34h7 N-1.578 W-3789 
F-345h G-4578 X-27R9 
G-4567 p-3450 Y-3h79 
H-1268 QGWFiQ ?-?h7Q 
r-t678 R-2359 T-3:5&9 
I-ARCGHKMNPOST 
?-Ar(CnEGHISTlJV 
3-DEGIJ@RTVXZ% 
I(*CFJKLPRSIJWY’S 
5-RCDFKLMOllVWX 
+ASDEFMNOWXYi! 
7-AEFHIJLNOYi% 
5-GHIJKLMNOPGR 
‘+PGRL;TlfVWXY7% 
c4 * 7 r, 4 u ‘15 7 4 
c5 7 * h -5 5 4 ‘4 3 4 
CT 56*7.54557 
c3 4’J I*63557 
C5 453h*7344 
c4 4 u. Ji 3 7 * 7 3 u 
c3 ‘J45537*fi3 
c3 ?35\4-56*3 
CY 4 4 7 7 u 4 1 z * 
l-GIUMYGQTVXZ6 
?-Ar3CGHPQSlJWYS 
3-ASCDEHIJWXV7 
4-ADEFIJYLUVNX 
5-AREFKLMOST’JV 
6-RCDEFMNOPQST 
7-COFtWLNOPQR 
R-GHI JKLMNOY 15 
9-PRRSflJVWXV79, 
CY * 3 3 4 u u 1) 7 7 
cs 3 * 6 3 4 ‘i 5 4 7 
;; ‘13 36*734cLrgu 7 * 7 3 4 4 a 
CY u&37*7344 
ca 4 IL .z 7 * 7 3 u 
c5 45 4 ‘2 3 7 * h 3 
c5 7 4 5 u ‘: 3 A * ‘5 
c4 7 7 II ‘L ‘i ic 7 3 * 
t-ABCGlKMNPQST C5 * 63 5 4 k 9 7 ii 
E-ARCGHG~TVXZI c5 6 * J 5 4 11 5 4 7 
3-DEHIJPQ~IJWYI c.3 3 3, f 6 3 4 5 5 7 
4-CDEFIJKLSTUV c5 5 3 6 * 7 3 4 ii ‘I 
5..RCEFKLMOIIVWX c4 B&37*7344 
h-AFIDEFMNOWXY? c4 4 4 8’ 3 7 * 7 3 4 
7-ADFRHJLNOVZS rj3 355457*63 
R-f%iI JKLMNOPQQ c5 7 4 5 4 ‘I 3 h * 3 
9-PORSTIIVWXYZB c4 477414439* 
I-ARCHIKMNSTIIV 
3-A4DHJORTVXZB 
3-OEFKLPRSIIWYB 
4-REFGKLMOPRST 
5-ARCOFGM+dDPDR 
h-ACDEFGHIJY78 
7-CEGIJCNOWXY7 
R-~I.JYLMEfO1IVMX 
Y-PORSTIIVWXYZ’S 
c5 536*754&l 
Ch 5 5 u-7 * 5 4 3 -5 
c3 4 h 5 7 5 * 7 3 -5 
c4 3 ‘iu IL 7 * 7 it 
c4 7 u :I ‘I 3 -5 7 * 4 
c4 ‘i 7 7 ‘b 9 5 4 4 * 
Table continued 
Step III. The determinants of the edge-valence matrices of the 
remaining 149 cases were calculated. Two cases were said to be equivalent 
if they yielded the same determinant. There resulted 24 equivalence classes. 
* Represents the number 12. C, is the list of valences in the vertex-figure. In the first 
column, the entries (Ni8, C) and C = F,F,F,F,F, denote that the polytope arises from 
embedding complex C with facets Fl to FS in N,*; D denotes the determinant of the 
edge-valence matrix. The labeling is as described in Table I. 
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Step IV. A representative was selected from each class and a check 
was made to verify that the other members in the class were isomorphic 
to it. In all cases the corresponding isomorphism existed. For i < 23, 
the representative is henceforth denoted by Nie, while the representative 
of class 24, which is shown to be non-realizable, is denoted by N. The 
24 representatives are described in detail in Table II. 
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TABLE I1 (continued) 
Table continued 
4. REALIZATION 
The results obtained so far may be summarized as follows: 24 simplicial 
3-complexes N, NIg,..., N.& were found, such that every neighborly 
4-polytope with 9 vertices is combinatorially equivalent to N or to some 
N,(I <i<23). 
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TABLE II (continued) 
Table continued 
Given a polytope Ng and its vertex 9, the corresponding Na and QZ are 
easily determined, since N* is the convex hull of the other 8 vertices of Ns 
(which may be assumed in general position). However, with a given 
polytope Ns and a complex V on its boundary, there is, in general, no 
guarantee for the existence of a point 9 that is beyond precisely those 
facets of Ns which are in ‘+?. The existence of such a point 9 may depend 
on the particular polytope of type N* chosen. 
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TABLE 11 (continued) 
POLYTOPE 
8 (N t 
3 
tJ) 
iI=AEHIO 
- fmllR9l4Sh 
N 
INjr WI 
FACETS 
A-1256 J-1238 S-2359 
B-1245 K-2378 T-2459 
C-l 567 L-i 348 U-3569 
D-2356 M-14% V-4569 
E-2%7 hhlFi7fi *r-Zh-tY 
F-4567 o-4574 X-4579 
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It is easy to see that, if %? is the complex U, such a point 9 exists for 
every polytope of type NE. In this case (see [6, Section 7.21) let AB be the 
edge common to all the five 3-simplices of the complex U, let F be the 
3-face of Ns which contains AB and is not in U, let C be a point beyond F 
sufficiently near the centroid of F, and let D denote the midpoint of AB. 
Then each point of the ray {AC + (1 - h)D 1 h < 0} is beneath F and 
beyond the five facets of Ns contained in U. Hence the point 9 may be 
chosen as AC + (1 - h)D for a h < 0 sufficiently near 0, so that 9 is 
beneath all the facets of N8 which are not incident with AB. 
From Table II we see that exactly 18 of our 24 different combinatorial 
types were obtained from some N* and the complex U. Hence those 18 
types are realizable as 4-polytopes. 
For each of the types N,g, NF, , N& , N$ , N.$ we will find a particular 
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polytope Ns for which the suitable point 9 exists, and for the type N we 
will prove that no realization exists. 
Let N8 be a 4-polytope for which the complex X is applicable, and let 
F 1 ,..., F5 be the five facets of N* in X such that F, shares some 2-face with 
each of Fl ,..., F, . It is easy to see that, if & aff Fi is a point A which is 
beyond the facet F5 , and beneath all the facets of Ns that are not in A’, 
then the desired point 9 indeed exists. If B denotes the midpoint of F5 , 
then the point 9 may be chosen as hB + (1 - h)A for a X < 0 which is 
sufficiently near to 0. 
The complex X was used for obtaining N,Q, N;, and N& . 
For N& and NfQ , we begin with a polytope NS8 whose vertices are 
1: (-3, 9, -27, 81) 5: (1, 1, 1, 1) 
2: (-2,4, -8, 16) 6: (2,4, 8, 16) 
3: (-1, 1, -1, 1) 7: (3, 9, 27, 81) 
4: (0, 0, 0,O) 8: (-1, 12, -2, 117) 
(We leave the reader to check that this polytope is indeed an NS8). Using 
the notation of Table I, the facets Fl ,..., F5 are as follows: for the resulting 
N& , H, 0, P, T, Q; and for the resulting NfQ , C, D, F, L, B. The inter- 
section of the afine hulls of H, 0, P, T is the point 
i 
14911 78221 246103 816725 - - - 
24389 ’ 24389 ’ 24389 ’ 24389 ) ’ 
which is indeed beyond aff Q and beneath all the facets of NS8 other than 
H, 0, P, T, Q. The intersection of the affine hulls of C, D, F, L is the point 
( 
103 593 -583 2357 -- 
152’ 152’-i%‘-- 152 1 ’ 
and is indeed beyond aff B and beneath all the facets of N3* other than 
C, D, F, L, B. 
For N,Q, we begin with the cyclic polytope Nls with the vertices 
1: (-4, 16, -64,256) 5: (0, 0, 0,O) 
2: (-3, 9, -27, 81) 6: (1, 1, 1, 1) 
3: (-2, 4, -8, 16) 7: (2,4, 8, 16) 
4: (-1, 1, -1, 1) 8: (3,9,27, 81) 
Here the facets Fl ,..., F6 are: B, D, F, R, C; and the intersection of the 
affine hulls of B, D, F, R is the point 
-3 27 -108 387 
(- 3-9 7 7 7’7 1 
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and is indeed beyond aff C and beneath the facets of Nr8 other than 
B, D, F, R, C. 
Hence the types N,g, N& , N& are realizable. 
For the types N&, , N& , the polytope NZs and the complex Y, are 
used. We start with a polytope NZs with the vertices 
1: (-3, 9, -27, 81) 5: (1, 1, 1, 1) 
2: (-2,4, -8, 16) 6: (2, 4, 8, 16) 
3: (-1, 1, -1, 1) 7: (3, 9, 27, 81) 
4: (0, 0, 0, 0) 8: (-1, 18, -1, 169) 
For the resulting N& , the facets of the complex Y, are B, F, G, I, N. 
All of these are incident to the vertex 6, and therefore the desired point 9 
should be in the neighborhood of the point 6. Indeed, the point (1.9800, 
3.9845, 7.9100, 15.8300) is beyond the facets B, F, G, I, N and beneath all 
the other facets of the polytope NZ8, and therefore may serve as the 
desired vertex 9. 
For the resulting N& , the facets of the complex Y, are B, E, F, G, N. 
All of these are incident to the vertex 2, and therefore the desired point 9 
should be in the neighborhood of the vertex 2. Indeed, the point (- I .980, 
3.990, -7.930, 15.885) is beyond the facets B, E, F, G, N and beneath all 
the other facets of the polytope NZ8, and therefore may serve as the desired 
vertex 9. 
To complete the proof of Theorem 4, we must show that complex N 
is not realizable as a 4-polytope. If it were realizable as a 4-polytope P, 
then P would be neighborly with 9 vertices, and, by Theorem 1, the vertex 
figure of P at the vertex 2 would be one of the seven stacked 3-polytopes of 
Figure 2. Now, the “vertex figure” of the complex N at the vertex 2 has 
the list of valences C, , and therefore the vertex figure of P at the vertex 2 
should be W. But in the “vertex figure” of N at 2, the vertex 4 is 3-valent, 
and is joined by edges to the vertices 1, 3, and 9 which are 6-, 5-, and 
6-valent in that “vertex figure,” while no 3-valent vertex in W is 
joined to 6-, 5-, and 6-valent vertices of W. Hence such a polytope P 
does not exist. 
5. REMARKS 
In Table III we summarize the structure of the 23 ND’s with respect to 
their vertex figures. It is interesting to note, that N& and N!” yield the 
same entries. Hence those entries cannot be used to discriminate between 
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different Ng’s. However, the determinant of the edge-valence matrix, does 
discriminate between the different Ng’s. This leads us to the conjecture: 
TABLE III 
The Vertex Figures of the Polytopes Nis (Summary) 
NL9 
i 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
II 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
- 
-- 
Type and number of vertex figures 
x Y, Y, u z, z, w 
4 
9 
3 2 
5 4 
3 4 
3 2 
2 2 
4 
2 
2 2 
2 4 
1 4 
4 2 
2 4 
1 2 
1 2 
I 2 
1 4 
8 
2 2 
1 4 
2 
1 
2 
2 
1 
1 
1 
4 
2 
2 
1 
1 
1 
1 
1 
2 
1 
1 
3 
3 
1 
1 
CONJECTURE 1. Non-isomorphic neighborly 4-polytopes with the same 
number of vertices have distinct determinants. 
CONJECTURE 2. Among all the neighborly 4-polytopes with v vertices, 
the cyclic polytope has minimal determinant. 
Our results show that this conjecture holds for v < 9. As remarked 
earlier, the complex X is not applicable to the polytopc Nz8. This gives 
rise to the following: 
PROBLEM 1. Does there exist any stacked 3-polytope which is not 
combinatorially equivalent to any vertex figure of any neighborly 
4-polytope ? 
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We conclude with some additional problems: 
PROBLEM 2. Define P(U) to be the minimal integer such that any 
neighborly 4-polytope with v vertices has some v - ,u(z~) vertices whose 
convex hull is combinatorially equivalent to a cyclic 4-polytope. Clearly, 
p(u) < v - 7 and ~(8) = 1, ~(9) = 2. What can be said about p(v)? Is 
there any v such that P(V) < v - 7? Is there any v > 8 such that p(o) = I? 
PROBLEM 3. Is there any v > 7 such that every neighborly 4-polytope 
with u vertices has at least one vertex figure of the type U (shown in 
Figure I)? For such a tl, the realization problem is trivial, as shown in 
Section 4. 
PROBLEM 4. Is there any non-cyclic neighborly 4-polytope all of whose 
vertex figures are isomorphic? 
The vertex figure of the complex N at the vertex 2, though having the 
list of valences C, , does not look like a stacked 3-polytope, as shown in 
Section 4. This gives rise to the following: 
PROBLEM 5. Let S be a combinatorial neighborly 3-sphere, of which 
every “vertex figure” is combinatorially equivalent to some stacked 
3-polytope. Is S necessarily combinatorially equivalent to the boundary 
of some neighborly 4-polytope ? 
And, finally: 
PROBLEM 6. How many combinatorially distinct neighborly 4-poly- 
topes are there with u vertices ? It is not even clear that the sequence is 
increasing. 
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